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Abstract. Suppose that A C {!,..., A''} is such that the difference between 
any two elements of A is never one less than a prime. We show that |A| = 
0{N exp(— c v^Iog N)) for some absolute c > 0. 



1. Introduction 
In this paper we prove the fohowing theorem. 

Theorem 1.1. Suppose that N is an integer and A C {1, . . . , N} is such that the 
difference between any two elements of A is never one less than a prime. Then 
\A\ ~ 0{N exp(— c-^log N)) for some absolute c > 0. 

The first explicit upper bounds for are due to Sarkozy |Sar78) who showed, 
under the same hypotheses, that 

1^1 = 0(7Vexp(-(2 + o(l))logloglogA^)). 

Recently, in jLucOSj . Lucier improved Sarkozy 's argument using the formidable 
methods of Pintz, Steiger and Szemeredi from [PSS88 . Indeed, he showed that 

\A\ = 0(7Vexp(-a;(A^)logloglogAf)), 

for some function uj{N) tending to infinity as N tends to infinity^ 

Complementing these results, the first author, in |Ruz84j . showed that the bound 
on \A\ cannot be too small. Specifically, that paper contains the following theorem. 

Theorem 1.2. For any integer N, there is a set A C {1,...,N} with \A\ ^ 
exp((log 2/2 + o(l)) logiV/ loglog A^) such that the difference between any two ele- 
ments of A is never one less than a prime. 

The gap between the upper and lower bounds is, of course, incredibly large, 
but even assuming the Generalized Riemann Hypothesis, which would simplify our 
argument considerably, we could only get an upper bound of the shape 

\A\ ^OiNexpi-c^logN)), 

for some absolute c > 0. Thus we are lead to the following natural question, asked 
by the first author in |Ruz82j . and with which we close our introduction. 

Question. Assuming the Generalized Riemann Hypothesis, can one achieve a 
bound of the shape \A\ = 0(Ai-'=+°(i)), for some absolute c > 0, in Theorem 



^In fact he gets uj{N) ^ clog log log log log A' for some absolute c > 0. 
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2. An outline of the paper 

The driving ingredient behind the proof of Theorem 11.11 is an energy increment 
argument which would be made significantly easier if we had good estimates for 
the distribution of primes in arithmetic progressions; the main work of the paper 
comes from having to deal with the so called exceptional zeros of L-functions. Our 
proof, then, begins in §41 by recalling some of the tools necessary for dealing with 
such zeros. 

The argument splits roughly into two cases. If there is no exceptional zero then 
we have relatively good estimates for the primes in progressions and the energy 
increment method has no complications. 

If there is an exceptional zero then, by averaging, we pass to a progression of 
common difference equal to the modulus of the character corresponding to the 
exceptional zero. We then conduct the energy increment argument relative to this 
progression. 

The two cases have separate major arcs estimates for the Fourier transform of 
the primes; these are proved in ^J5l The minor arcs are then dealt with in the usual, 
unified, manner in f}6l 

It is possible to do away with the above bifurcation if one uses a carefully 
weighted version of the primes. However, doing this adds complications to the 
minor arcs estimates. Of course, once one has put the work in to get these minor 
arc estimates the method can be more easily transferred to other situations. 

Having completed the basic Fourier estimates in §f|4l[Sl&[6l we prove some energy 
increment results in ^ which are used in Sj8] to prove the main 'iteration' lemma. 
Finally, we complete the proof of Theorem 11.11 in ^ 

3. Notation 

Our main tool is the Fourier transform on Z. We identify the dual group of Z 
with T via the function e{9) := exp(27ri0). Specifically, every additive character 
7 : Z — >■ C has the form 7(x) := e{9x) for some 6 G T. Now, we define the Fourier 
transform?: ^^(Z) — ^ L°°{T) to be the map which takes / G £^{Z) to 

and similarly convolution to be the map * : £^(Z) x £^(Z) (.^{T) which takes 
/,5e£i(Z) to 

f *g{x) = ^f{x')g{x-x'). 

As usual with the Fourier transform on Z we shall decompose the dual group 
into major and minor arcs. To this end suppose that ?7 > 0, and a and q are positive 
integers. We write0 

OTa,,,, := {0 e T : |0 - a/q\ ^ r,}, 
"^Iv '■= U^^"-9-'' : 1 < a s; q and (a,(7) = 1}, 

and 



Technically elements of T are equivalence classes and so |.| is not well defined. We adopt the 
usual conventions in this regard. 
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Often there will be a further parameter Q with q ^ Q in which case we will usually 
have 77 = 1 /qQ and write 

The quantity Q will always be clear from the context. 

4. A PRIME NUMBER THEOREM FOR ARITHMETIC PROGRESSIONS 

In this section we shall develop the small amount of number theory which we 
require. All the results we use are well known, although they are not always stated 
in the most useful fashion. We shall refer to the book |DavOQ] of Davenport. 

Suppose that x is real and a and q are positive integers. Then we write 



ip{x;q,a):= ^ A(n) 



where A is the usual von-Mangoldt function. 

Estimating '>p{x;q,a) is one of the central problems in analytic number theory 
and to do so we introduce some auxiliary functions: For a Dirichlet character x 
define 



The analysis of ipi^x^ x) in turn, bound up in the analysis of the zeros of the corre- 
sponding i-function, L{s, x)^ which is complicated by the possibility of a so called 
exceptional zero; the following theorem limits the number of possible exceptions for 
a given Dirichlet character. 

Theorem 4.1. f |Dav001 Chapter 14]) There is an absolute constant ci > such 
that for any non-principal Dirichlet character x of modulus q, L{s,x) has at most 
one zero in the region 

Re s ^ 1 — -—^ — ; . 

logq[\ lms\ + 3) 

This exceptional zero may only occur if x is real, and then it is a simple real zero. 

As usual, the analysis of the zeros of L{s, x) can be reduced to the case when x 
is primitive. Indeed, if x has modulus q and is induced by x' then, by the Euler 
product formula, we have 

i(s,x) = 11(1 - x'bK')i(s,x') for Res > 1. 

Analytic continuation then tells us that in the region Res > we have L{s,x) = 
iff L{s,x') — 0. Now, Landau showed that an exceptional zero can only occur for 
at most one primitive Dirichlet character: 

Theorem 4.2. f jDavOO| Chapter 14]) There is an absolute constant C2 > such 
that for any distinct primitive real Dirichlet characters xi ^.i^d, X2 with moduli qi 
and q2, and real zeros /3i and /?2 respectively we have 

min{/3i,/32}s;i--^^. 

fog 9192 
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Write CE = min{ci,C2} and suppose that D ^ 2 and Xi ^ Dirichlet character, 
are given. We say that is an exceptional zero for x o,t level D if 

L(/3x, X) = and Re /J^ ^ 1 - ^'^ 



log 31? ' 

The following corollary is an immediate consequence of Theorems 14.11 and 14.21 

Corollary 4.3. Suppose that D ^ 2. Then there is at most one primitive Dirichlet 
character XD and zero Pd such that /3d is an exceptional zero for XD at level D 
and xd has modulus qo ^ D. 

If it exists we call the Dirichlet character xd of the corollary the exceptional 
Dirichlet character at level D and /3d the exceptional zero at level D. In this event 
we shall need a bound on (1 — (5£))~^. 

Proposition 4.4. ( [DavOOi Chapter 14]) Suppose that D ^ 2 and the exceptional 
Dirichlet character at level D exists and has zero Pd and modulus qjj. Then (1 — 

pD)-'^0{q]i^ log' to). 

We require the following two prime number theorems. 

Theorem 4.5. f [DavOOi Chapter 20]) There is an absolute constant C3 > such 
that if D ^ 2 and x a non-principal Dirichlet character of modulus q ^ D, then 

(i) if the exceptional Dirichlet character xd exists and x is induced by xd 
then for any real x ^ 1 we have 

H^,X) --^ + o( xexp (-—^i^i^) {lognr 



Pd \ \ Vkygx + log D 

where Pd is the exceptional zero; 
(ii) if the exceptional Dirichlet character XD does not exists or x is not induced 
by Xd then for any real x ^ 1 we have 

^(x,x) = O fxexp (- J^^°^f -) {\ogDf 
V V Vlog^+logD/ 

Theorem 4.6. f |Dav001 Chapter 20]) There is an absolute constant C4 > such 
that if x! is the principal Dirichlet character of modulus q, then for all real x ^ 1 
we have 

'il>{x, x') = X + {x exp(— C4 v^log x) + logglogx^ . 
Getting a handle on 'ip{x] q, a) is now done via the identity 
(4.1) tp{x;q,a) ^ -i^^xia)ipix,x), 

where the summation is over all Dirichlet characters of modulus q. We can now 
prove the following proposition which is to be regarded as definitive for the terms 
(Di^Dq) is exceptional and {Di,Dq) is unexceptional. 

Proposition 4.7. There is an absolute constant C5 > such that if Di ^ Dq ^ 2, 
then at least one of the following two possibilities holds. 
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(i) {{Di,Do) is exceptional) There is a character xd of modulus qo ^ £'0 o,nd 
-Pd)-' ^0{q]i^ log' q 
q with 1 ^ qqu ^ Di u 

X'{a)x x'XD{a)x^^" 



a real (3]j with (1 — (3^) ^ — 0{q^j^^ log^ g^) such that for any real x ^ 1 
and integers a and q with 1 ^ qqo ^ Di we have 



ip{x;qqD,a) 



<l>{mD) (t){qqD)l3D 

+0(.^cxp(- ^^^g; ^ Idogi.,)- 
V V Vloga; + logDi 



where x' is the principal character of modulus qqo- 
(ii) {{Di,Do) is unexceptional) For any real x ^ 1 and integers a and q with 
1 ^ g ^ Do we have 

,, , x'(a)a; ^( ( cslogo; \ „ 

i,(x- q, a) = + O hr exp -—^-^ — log D,)' 

(j){q) V V Vlog X + log Di J 

where x' is the principal Dirichlet character of modulus q. 

Proof. Let C5 := min{c3,C4}. We split into two cases according to whether on not 
there is an exceptional character xd with modulus at most Dq. 

First, suppose that xd does exist, has zero /3d and has modulus qo ^ Dq. By 
Proposition 14.41 (1 ~ Pd)~'^ satisfies the appropriate bound. Now suppose that 
a; ^ 1 is real and a and q are integers with 1 ^ qqo ^ Di. Write x' for the 
principal character of modulus qqo- There is exactly one character of modulus qqo 
induced by xd and that is x!xd- For this character, by Theorem 14.51 case Q, we 
have 

i^{x,^XD) = -^ + fxexp L^i^£i^) (logD.r) . 

Pd \ \ Vlogx + logDi/ / 

For all other non-principal characters x ^6 have, by Theorem 

'^{x,x) = O (xexp ( rr-^°,^,^ f r] (log^i 

V V Vlog a; + log Di ) 



Finally by Theorem 14.61 we have 

■0(2;, x') = a; + O [x exp(-C5\/loga;) + logDi log: 

Inserting these into (|4.ip gives the first case of the proposition. 

In the second case we suppose that either xd doesn't exist or, if it does, then 
it has modulus greater than Do- Now suppose that a; ^ 1 is real and a and q are 
integers with 1 ^ g ^ Dq. Since q is smaller than the modulus of xd, if it exists 
at all, no character of modulus q is induced by xd , and we can apply Theorem 
case ([u]) to conclude that 

ij{x,x) = O (xexp (logDi)2 
V V Vlog a; + log Di ) 



for every non-principal x of modulus q. Once again Theorem 14.61 gives 



■0(a;,x') = a; + O ( a; exp(-C5 0og a;) +logDi logx) , 



for x' the principal character of modulus q. Now inserting these estimates into (|4.ip 
we find ourselves in the second case of the proposition. □ 
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5. The major arcs 

We are interested in the Fourier transform of the von-Mangoldt function A and 
some closely related functions. Suppose that N and d are positive integers. We 
write 



A 



N,d 




if 1 < x TV 
otherwise. 



We write A^r as shorthand for Aat,!- There will be two types of estimate for A^v.d 
depending on whether or not a given pair of parameters Di ^ Dq ^ 2 is exceptional 
or unexceptional. The reader may care to recall the definition from Proposition l4.7l 
Before we begin it will be useful to recall some standard definitions; the reader 
unfamiliar with this material may wish to consult the book |MV07j . For an integer 
a and positive integer q the Ramanujan sum Cq{a) is defined by 



h=i \ y / 



and, moreover, Cg(l) = /^(q)- 

If positive integers q and d are coprime, write m^.q for a solution to riiii^qd+l = 
(mod q). Then for any integers a, q and d with q and d positive we put 



9-1 

m = 
(md+l,q) = l 



\^a\ _ \cq{a)e l^-~rnd,q^j if (d, (j) = 1 
1/ lo otherwise. 



The proof of the equivalence of the sum with the expression in terms of the Ra- 
manujan sum is a simple change of variables. 

The remainder of this section provides major arcs estimates for the two cases 
when the pair [Di,Dq) is exceptional and unexceptional. 



5.1. Exceptional pairs. Throughout this subsection we assume that the pair 
(Di,I?o) is exceptional. We begin by estimating h.N,d at a rational with small 
denominator and then extend the range. 

Lemma 5.2. There is an absolute constant cg > such that for every set of non- 
negative integers TV, a, q, d with dold, 1 ^ dq ^ Di and N ^ 1 we have 

TT-, I . dNTa,d.q {dNf°Ta,d,q 



mm mmp 



D 



VlogTV + logDi 
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Proof. Note the formula 

(5.1) A^dia/q) - J2 ^(^) 



r = l (mod d) 

9-1 , 

a 



a(x — 1) 



dq 

a: = l (mod d) 

= e [ TO- ) ^{dN + 1; dg, rrtd + 1). 

Since (-Di, I?o) is exceptional we get a character of modulus d^i ^ and a real 
with (1 — /3_d)^^ = 0(d]^^ log^ do) such that for any real x ^ 1 and integers a' 
and q' with 1 ^ q'di) ^ Z?i we have 



(5.2) ^p{x;q'dD,a') = 



(/.((j'rfl,) 0((?'dD)/3D 

V V Vlogaj + logDi/ 



where x' is the principal character of modulus q'di). Now suppose that do\d and 
1 ^ c?g ^ Di. There are three terms to consider when substituting (|5.2I) . with 
g' = dq/do, X = dN + 1 and a' = md + 1, into (|5.ip . First, 

^ / a\ 7(TOd + l)(dA^ + l) (dA^ + l) ^ fa 
> e TO- -— = -— - — > e TO- 

imd+l,dg) = l 
idN+l)Ta^d^q 

mm ' 

recalling the definition of Ta^d,q and the fact that it is zero unless (d, g) = 1. Sec- 
ondly, we have the sum 



n \ ^/ (f){dq)PD 

Since xd has modulus do which divides d we conclude that X-d("^o'+1) = X-d(I) 1 
whatever the value of to, thus the above sum is equal to 

9-1 



e f TO 



m=0 



X'(TOd+ l)(dA^+ 1)^*° _ {dN +l)^"TaA,< 



qj m)PD mm^D 



by the same calculation as for the previous sum. Finally, we have an error term 
O {q{dN + l)exp (_^Md^ \ ( )A 

which is certainly 

C6 log N 



O NDf exp - 



y/\ogN + log Di , 

for cg := C5/4. Combining these terms yields the lemma. □ 
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Proposition 5.3 (Major arcs estimate for exceptional pairs). For all non-negative 
integers N,a,q,d with dold, 1 ^ ^ Di, {a,q) — 1 and N ^ 1, and elements 
9 £ T we have 



where k :— 9 — a/q and 



4>id) V V VWN + '^ogD 



Proof. Begin by applying Lemma 15.21 to get that for every set of non-negative 
integers x, a, q, d with dold, 1 ^ dq ^ D and 1 ^ a: ^ we have 

/_ r,\ \ ~ / I \ dxTa d,q {dx)^'-' Ta d,q 



y/logN + log Di 



In particular we have 

. , T— . X dx (dx)^" ^[ , / CfilogiV 
(5.4) A,,d(0) = — — - + O iVI?? exp ' 



(^{d) <\){d)p,u V V Vb^ + logL*! 

and hence 

(5.5) Ar,(a/g) = ^ iQ(0) ^o{nD\ exp ( ^ 



m " ' V V viHgiv+iogT^i 

Observe, by telescoping, that 

N 

71=1 

Integration by parts then tells us that 



N 



N 



(5.6) AnA^) ^ ^x.d{a/q)e{Kx) - 27riK / A2;,d(a/g)e(Kx)da;. 

We use ()5.5p to estimate the right hand side of this. The first term is 
Ta,d,,e(KiV)^^_^^^ ^ ^ /^^^^2 f celogN 



-ANA0) + O{NDfcxp{~ 



m ' ' ' V V vi^+iogi?i. 

We consider the second term on the right of (|5.6p in two parts. First, note that 



( A ~/ / \ dxTad,q (dx) '^Tad.q\ / n , 



IS 



0(NA^^i??exp(- 



VloglV + log Di 



by (|5.3I) . Secondly, note that 

/■^ / dxTg^d.q _ (da:)^°Ta.d,g \ , . , 



27rzK 
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is equal to 

mm 



dx 



Pd 



-, N 



.e{Kx) 



N 



mm Jo 



by integration by parts. The first term here is equal to 



Ta,d,qe{KN) 

m 



C6 log N 



VlogTV + log Di 



by (|5.4I) . So, combining what we have so far we get that 



(5.7) AnA<^) 



'^a,d.( 



N 



mm Jo 

+0 ^(1 + \k\N)NDI exp 
Now, note that d{l - {dx)^^"-^) ^ if ^ 1, so 



cg log N 



y/logN + logDi 



N 



[d- df^^xf^"^^) .e{Kx)dx 



{d- d'^^'x^''-^) .e{i^x)dx 
Id^d^^xf'^-^dx + Oil) 



Oil) 



N 



d-d'^^x^^^-^dx + Oil) 



PD 



Thus we conclude that the integral in (|5.7p is bounded above in absolute value by 

|A^(a/<z)| + O (^(1 + \^\N)NDlexp ^ 
Hence, by (|5.5p . 



VIoglV + log Di 

C6 log N 



|Ar.(0)| %^|Ar.(0)| + O f (1 + 1^1 A^)A^i?? exp f-^p= ^ , „ 
0(g) V V vlogiV + logDi, 

Now, if (a, q) = 1 then |Ta.(j,g| ^ 1 so we have the first part of the proposition. 

To get the lower bound on |A7v,d(0)| we return to ([?^ . If a; > 16 and e G (0, 1/2] 
then 1 — x~^ /{I — e) ^ e, whence 

dN - ^ J ^ dN{PD - 1) + 0(1). 

PD 

Inserting the estimate for (/?£> — 1)^^ (which we get since {Di,Dq) is exceptional) 
and recalling that d ^ do yields the lower bound for |AAr^rf(0)|. □ 

5.4. Unexceptional pairs. In this subsection we assume that {Di,Dq) is unex- 
ceptional. The argument here is easier than that for exceptional pairs and proceeds 
as above except that terms involving the exceptional zero do not occur. We omit 
the details. 
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Proposition 5.5 (Major arcs estimate for unexceptional pairs). For every set of 
non-negative integers N,a,q,d with 1 ^ dq ^ Do, {a,q) — 1 and N ^ 1, and 
elements 9 T we have 

I < + O ((1 + \.\N)NDl exp (-^^4^^ 

nq) V V viog + log £>! 

where k := 9 — a/q and 



Hd) V V VfoglV + logDi 



6. The minor arcs 



The minor arcs are far easier to estimate that the major arcs were. We begin 
with Vinogradov's classic estimate, recalling that A^r is shorthand for A^r^i. 

Theorem 6.1. ( [DavOOi Chapter 25]) Suppose that N and q ^ Q are positive 
integers, 9 €T and a € {1, . . . , q} is coprime to q and has \9 — a/q\ ^ ^/qQ- Then 



\A^)\ « (logNf + iV4/5 + VA^^ 



This has the following relevant corollary. 

Corollary 6.2 (Minor arcs estimate). Suppose that d ^ N and q ^ Q are positive 
integers, 9 d T and a € {1, . . . , q} is coprime to q and has \9 — a/q\ ^ i/qQ- Then 

\A^d{9)\ « d{\ogN)^ + 7V4/5 + y]vQ^ . 



Proof. Begin by noting that 
d 



m=Q x^dN+1 

so 



1 m(x — 1) 



\^d{9)\ < ^ E \^U^i{{e + m)/d)\. 

ni—O 

Now, suppose that to G {0, . . . , d — 1} and write 9' :— {9 + m)/d. We may apply 
Dirichlet's pigeon-hole principle to get a positive integer q' ^ Q' :— 2dQ and 
another a' € {1, ... , q'} with (a', q') = 1 and such that \9' - a'/q'\ < l/q'Q'- So 

\a'/q' - (a + mq)/dq\ ==: \9' - a' /q'\ + \9' - {a + mq)/dq\ < l/q'Q' + 1/dqQ, 

and hence 

\a'dq - (a + mq)q'\ < 1/2 + q'/Q. 

The left hand side is an integer and if q' < q/2 then it is zero. This implies that q\q' 
since (q, a + mq) — 1, whence q' ^ q. This contradiction means that q' ^ q/2. Now 
we just apply Theorem l6.1l to the approximation a' /q' (to 9') to get the result. □ 
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7. Some energy increment lemmas 

The main result of this section is an energy increment argument. Such arguments 
are common, and an example from a very similar context may be found in |Sze90j 
and [HB87] . 

We begin with a preliminary technical lemma. 

Lemma 7.1. Suppose that P is an arithmetic progression with common difference 
d and Ad {1, . . . , N} has aN elements. Suppose, further, that 

^ iU - aliN]) * Ipixf > ca^N\P\\ 

Then there is an integer x' £ Z such that 

1a * lp{x) ^ a{l + c)\P\ + 0(iV-id|P|2). 
Proof. First note that 

a'^lA*lp{x)l[N\*lp{x) = Ia{x)1\]s] *Ip* lp{x) 

x^'L xGZ 

= a^N\P\^ + 0{ad\P\^) 

and 

J2 Mn] * lp{xf = a^N\P\^ + Oia^d\P\^). 

xez 

Expanding the hypothesis it follows that 

J2 1a * lp{xf ^ (1 + c)a^N\P\^ + OMP|3). 



Now Holder's inequality yields 



sup 1a * lpix)aN\P\ ^ ^ 1^ * lp(. 



from which the result follows. □ 

The next result is a standard form of the energy increment argument. It may be 
useful to recall the definition of the intervals ^a,q,7j from ^S] before reading further. 

Proposition 7.2. Suppose that rj > 0, N and q are positive integers, and A C 
{1, . . . , N} has aN elements. Write 



Jeem„ „ 



Then there is a arithmetic progression P with common difference q and \P\ ^ 
q-^min{r)-^,EA,q,,^\A\} such that \Ar^P\^^ a{l + EA^qjJ ^)\P\. 

Proof. Let P be the progression of common difference q and length 2M + 1 centred 
about the origin; we shall optimize for M later. In this case (by scaling the Dirichlet 
kernel) we have 

p sin(|P|^gg) 
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with the usual convention aX = 0. Now suppose that 9 e ^Ttg,)), so that there is 
some integer a with \6 — a/q\ ^ rj. Thus, writing k :— 9 — a/q and recaUing the 
inequahties | smx\ ^ 2|a;|/7r if ^ tt/2 and | sinx| ^ we have 



sin(|P|7r(7K) 



sm{TTqK) 

provided \P\qri ^ 1/2. It fohows that 



\2\P\qK\) 2\P\ 



\nqK\ 



[ |(U - al[N])''{9)\^\M9)\^d0 ^ \EA,q„o\^\\P\^. 

Now the left hand side is certainly dominated by the same integral without the 
restriction of the domain of integration and hence, by Parseval's theorem applied 
to the unrestricted domain, we have 

^ {\a ~ «l[jv]) * ^p{xf ^ X^EaM?\P\^- 

Now we may apply Lemma [73] to get some a;' € Z such that 

\a * Ip(x') + ^^^] a\P\ + 0{N-\\P\^). 



It follows that there is a choice of M ^ g ^ mm{ri ^ , EA,q\A\} for which 

EA.q.r] 



1a*1p{x') ^ 1 + 



IPI 



□ 



For our work we shall use the following corollary which is designed specifically 
for the problem we are considering. 

Corollary 7.3. Suppose that N is a positive integer, A C {!,..., A^} has aN 

elements, Q' ^ 1 and Q N/Q'. For each q with 1 ^ q ^ Q' write 



EXq:=a-^\A\-^ f 1(1^ - al[^])^(0)| 

and suppose that 



Then there is an arithmetic progression P with common difference q ^ Q' and 
\P\ > Q'-^ N minlQ'-^ , ac} such that |AnP| > a{l + 2~'^c)\P\. 

Proof. For 77 > we define EA,q,ri as in Proposition 17.21 and write 
lA,a,q,n ■■= a-'\A\-' f \{1a - al[^])^(0)|2d0. 
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Begin by noting that 



Q' Q' q 



r,q,Q 

9= 
Q' 



q=l q'h=q r' = l 



but this last expression is equal to 

Q' ^ Q' Q'/q' 

E E ^Xq',Q-^ = E ^'A,q',Q-^ E J(^y 

q=l q'h=q q' =1 h=l ' 

Now we also have 

Q' Iq , Q' N ^1 

and so 



by hypothesis and the fact that 1/qQ ^ But, it is well known (see, for 

example, the book [MV07j ) that 

so, by a trivial instance of Holder's inequality, we conclude that there is some q 
with 1 ^ q ^ Q' such that Ej^ q Q-i ^ c/8. We now apply Proposition 17.21 to get 
the result. □ 

8. The main iteration lemma 

Our main argument is iterative - although the eventual proof will be by max- 
imality - and the central lemma follows. Essentially it says that if none of the 
various input parameters is too small and A~ A, that is the set of differences be- 
tween elements of A, is disjoint from the set of all numbers of the form {p — 
then A must have much larger density on a reasonable sub-progression. 

Lemma 8.1 (Iteration lemma). Suppose that Di ^ Do ^ 2, Ac {!,... ,-/V} has 
aN elements and either 

(i) {Di,Dq) is exceptional and d ^ Di is such that do\d; 

(ii) or {Di,Do) is unexceptional and d ^ Dq. 

Then there are absolute constants 03,09, cio > such that at least one of the fol- 
lowing holds. 

(i) (Density increment) There is an integer d' such that d' = 0(q;~^) and a 
progression P of common difference d' and length at least {cga/ dlog N)^ N 
such that \ AnP\ ^ a(l + C8)|P|. 

(ii) (Structure in difference set) A^A contains a number of the form with 
p a prime. 

(iii) {N is small) TV ^ O(exp(cio log^ I^i)). 
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(iv) (d is large or a is small) 

(a) {Di,Dq) is exceptional, and = 0{D^''^'') or a = 0(0^""'); 

(b) or (Di^Dq) is unexceptional, and d^^ — 0(_Dq"^"/ log^ Z?i) or a = 

(v) [a is small) a ^ 0(0^"'°). 

Proof. Throughout the proof we shall introduce constants c,c' ,c" ^ . . . which will 
each be optimized at some later point and will end up being absolute positive 
constants. The reason for this slightly unappealing approach is that we have not 
been explicit about any of the constants in the error terms we have so far produced. 

Let c > be some constant to be optimized later. Either N ^ ca~^ (and we 
shall, once we have shown we can choose c to be absolute, be in outcome ((iii|) or 
jvj)) or the integer N' = [caN\ has N' ^ I. 

Irrespective of whether {Di,Dq) is exceptional or unexceptional we have, from 
Propositions 15.31 or 15.51 that 



Now 0((i) ^ d ^ Di so either N ^ c~^a~^ exp(0(log^ Z3i)) (and we shall be in 
outcome (jml or (jvj) again) or we have the estimate 

Write / for the interval [N] and consider the inner product 
(8.1) ((1a - all) * {l-A - al-i),AN'.d)- 

11 A ^ A contains a number of the form {p — l)/d for some prime p then we are in 
outcome (|n|) of the lemma; consequently assume that it does not. In this case the 
only integers x which support a contribution in the inner product (1^ * 1-a, Ajv',d) 
are those for which + 1 is a prime power with the power strictly bigger than 
one. There are at most 0{VdN') such integers and furthermore \\AN>^d\\e°°{z) = 
0{\ogdN') and ||1a * 1_a||^~(z) ^ OiN, whence 

{1a * l-A, Ajv'.d) = 0{aNVdN^\ogdN'). 

We conclude that 

(1a * l-A, AAT-.rf) = O(a|A^(0)|iV') 
unless N ^ exp(0(log a^^i^ic^^)) (in which case we shall be in outcome (jin]) or 
(jvj) again). 

The other terms arising from expanding out (jS.ip arc more easily handled: 
(1/ * 1_A, Ajv',<i) - yW^(0)aiV + O(|A^(0)|A^'), 
(1a * 1-/, Ajv',<i) = K^d{i))aN + O(|A^(0)| AT') 

and 

(1/ * 1_/, Kn-a) = A^(0)iV + O(|A^(0)|iV')- 
Thus it follows that 

((1a - ah) * (1_A - al-i),AN',d) = a2iVA^(0)(-l + 0(c)). 

Now we pick c ^ 1 such that 

|((1a - all) * {l-A - al-i),AN',d)\ » a^N\A^d{0)\, 
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and apply Plancherel's theorem to the left hand side to get a Fourier space expres- 
sion 

' |(U - ali)''{9)\^\A^d{9)\dO » a27V|A^(o)|. 
Let c' > be another constant to be optimized later. Write 

d"* loe^ N 
Q' := ^^^i^ and Q TV'/Q', 

and 

9Jt' := U mi and 971 := |J On^. 

q<Q' Q'^q^Q 
By Dirichlet's pigeon-hole principle T = 9Jl U W and so by the triangle inequality 
we have 

^A//1M2|A laWJQ ^ I 1/1 „1 NA//)m2 



'GOT' 

i(u-ai/)'^(0)nA^(^)id0. 

GOT 

Corollary 16.21 tells us that either N' ^ d (and we are in the outcome (|iii|) or (jvj , 
since d ^ Di) or else 

|A^(0)| « dlog^ TV' -f 7V'4/5 + VA^) , 

for 61 e OT; and g sC Q. So, if e M then 

iV' 



|A^(0)|«^(c'a + d2^'-iA"). 



Once again, either N' ^ c' ^'^d^'^a (and we are in the outcome (jm]) or (jvj), since 
ci ^ ^i), or we have 

|A^^6i)| < c'a|yW^(0)| for all 6* G 

It follows that 

\{lA-alj)'^{e)\^\A^dmde « c'a|A^(0)|. /|(l^-alj)^(^)|2d0 
eem J 

« cV7V|A^(0)|, 
by Parseval's theorem. Hence we can choose c' ^ 1 so that 

\{Ia - ali)''{e)\^\'A^dmdd » a2iv|A^(0)|. 

If {Di,Do) is unexceptional and dQ' > Dq then we are in outcome (jm]) or (pv)) or 
else we can apply Proposition [5?5l if {Di, Dq) is exceptional and dQ' > Di then we 
are in outcome (|iu]) or (pv| or else we can apply Proposition 15.31 So either we are 
done or we could apply the appropriate proposition and get 

|A^(^)I < + O ((1 + Q-^N')N'Dl exp (- ^'f' „ 

(/)((?) V V VloglV^ + log Di 

In view of the definition of Q this error term is 

-2 /,„„8 n6 C6 log N' 



O a"^(log'' N)N'D1 exp - 



VlHglV^-HlogLii 
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and so once again either we are in outcome ([ml or (jvj) of the lemma or 
(8.2) sup lA^Ml « ^^TT^ for all q < Q'. 

SGOTj (p(q) 

Set Q" := c"^^a^^ for some c" > which will be chosen shortly. Write 

dJl" := y m*g and M'" |J 97i;, 

Q"<g<Q' q<Q" 
so that sot' = m" U 9K'". Then 

|(U - alj)'^{0)\^\7C^d{O)\dO « c'ViV|A];r;(0)| 

eeoJ!" 

by Parseval's theorem and (|8.2p since (f>{n) ^ n^/^; pick c" ^ 1 so that 
Now, by the triangle inequality we get 

Q" r 



and so by (E^) 

E ^^TT^ / 1(1-4 - aljrm'de » a27V|A^(0)|. 

Thus by Corollary 17.31 (with the fact that |Ajv',c;(0)| > 0) we find ourselves in the 
first case of the lemma. □ 

9. Proof of Theorem 11.11 

The main argument is now fairly straightforward. We begin with a preliminary 
technical lemma. 

Lemma 9.1. Suppose that A C {1, . . . , has aN elements and d is an integer. 
Then there is a progression P with common difference d and \P\ ^ aN/d such that 
\AnP\ ^ a\P\/2. 

Proof. Let P' be a progression with common difference d. Then 

J2\hN]^lp'ix)-\P'\l[N]ix)\^Oid\P'\'), 

whence 

\A\\P'\ = {Ia, l[N] * lp'> + 0(d|Pf ) = {Ia * IP', l[N]) + 0{d\P'\'). 

It follows that we can pick ^ aN/d such that 

(U*lp',l[jv]> ;?aN\P'\/2. 

Thus, by Holder's inequality, there is some translate P of P' with the desired 
property. □ 

We now turn to the main proof. 
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Proof of Theorem[Tj\ Write / for the interval [N]. We fix Di ^ Do ^ 2, to be 

optimized at the end of the argument, and put Di — '^^^ where cio is the 

absolute constant from Lemma f8.ll We consider two cases according to whether 
{Di,Do) is exceptional or unexceptional. 

{{Di,Do) is exceptional) This gives us an integer djj ^ Dq with a number of 
properties. By Lemma |9 . 1 1 there is a progression P with common difference do and 
\P\ > aN/do such that \AnP\ ^ a\P\/2. Let Id := {1, . . . , |P|} and let Ad be 
the afRne transformation of A n P so that it lies in Id ■ We write a d for the density 
of A in Id and Nd for the length of Id- Thus 

aD ^ ce/2 and A^n > uN/Dq. 

Furthermore, by the hypothesis on A, Ad ~ Ad does not contain any numbers of 
the form (p — l)/dD with p a prime. Let 77 > be a parameter to be optimized 
later and let P' an arithmetic progression such that 

is maximal, where a' is the relative density of Ad on P', that is \Ad H P'|/|P'|, 
N' is the length of P' and d' is the common difference of P'. The choice of i]^ and 
rj is made with the benefit of hindsight; we could use two different parameters and 
optimize for both at the end. 

In view of the maximality of P', we have udN^ ^ a'N'^'' d'^^. Now, since 
a' s$ 1, d' ^ land N' < Nd it follows that 

UD ^ a',d' a^''"' and TV' > a}^^ Nd-. 

whence 

(9.1) a < a', logd' < 7/"Moga~^ 
and 

(9.2) logiV = logiV' + 0(77-2 loga-i + log Do). 

Again, let /' :— {1, . . . , A^'} and A' be the afhnc transformation of Ad H P' so that 
it lies in /'. Apply Lemma [8. II to get the following possibilities. 

(i) Either there is a progression P" of common difference d" = 0{a'^^), length 
at least (cga'/d'dD logN'fN' such that \A' n P"| > a'(l + C8)|P"|; 

(ii) or A' — A' contains a number of the form with p a prime; 

(iii) or N' < O(exp(cio log^ i^i)) whence, by (|9T2]) . 

log TV < 77-2 log + log^ Di ; 

(iv) or (d'dD)^^ ~ 0{D^'^^°) whence, by the relationship between Dq and Di 
we get d' > D:['''°^^ and so, by CT . 

logDi <C r/"^ loga"^; 

(v) ora' = 0(Dr'"'). 

In the first case, the maximal way in which P' was chosen ensures that 

a'TV^'d'-" ^ a'(l + C8)(iV'(c9a7d'di5 log A^')^)"' (c«')""''^'"^ 
from which we conclude 

7?"^ < rj-Hoga'^^ +logP'o +logd' + loglogiV'. 



18 



IMRE Z. RUZSA AND TOM SANDERS 



Inserting the bounds from (|9.ip and (|9.2p and the fact that log Do ^ log-Di we get 

?7^^ < ri^^ log a^^ + log Di + log log N, 
and hence, by solving the quadratic, 

77"^ < loga"^ + v^log Di + v^loglogA^. 

Write C for the absolute constant hiding in the above expression. We optimize t] 
be taking 

77-1 = 2C(loga-i + Vlogi^i + Vloglog^), 
and so we have derived a contradiction and must be in another of the above cases. 
By assumption we are not in the second case so we conclude that either 

log < 77"^ loga"^ + log^ Di or logl^i < 77"^ loga'^ 

Inserting our choice of r] we get the either 

(9.3) log TV < log^ Z?! or logl^i < log a"^ (log a" ^ + yJlogDi + v/loglogiV). 

{{Di,Do) is unexceptional) In this case we can proceed directly without the aid 
of Lemma iniH Let 7; > be a (new) parameter to be optimized later and let P' an 
arithmetic progression such that 

is maximal, where a' is the relative density of A on P' , N' is the length of P' and 
d' is the common difference of P' . 

As before, in view of the maximality of P' , we have 

(9.4) a<a', logd' < 77~Moga"^ 
and 

(9.5) logA^^logA^' + 0(77-2 log a"i). 

Again, let /' := {1, . . . , N'} and A' be the affine transformation of Ajj n P' so that 
it lies in /'. Apply Lemma [8. II to get the following possibilities. 

(i) Either there is a progression P" of common difference d" = 0{a'~^), length 
at least {cga' /d' log N'fN' such that \A'r)P"\ ^ a' {1 + cs)\P" \; 

(ii) or A' — A' contains a number of the form 2zlL -virith p a prime; 

(iii) or N' < O(exp(cio log^ I?i)) whence, by (|g3|) , 

logiV < 77-2 log a" ^ +log2 Di; 

(iv) or d'-i = OiDo"^" /log^ Di) whence d' > of"^'^ and so, by (lOl) . 

logDi <C rj^^ loga"^; 

(v) or a' ^OiD^^'yiog^Di). 

The analysis proceeds much as before and we conclude that either 

(9.6) logA^< log^fi or logDi < log a" ^ (log + y/\og\ogN). 



Write C for the larger of the two constants hiding in the first inequalities in (|9.3p 
and (|9.6p . We optimize Di by taking log TV = 2Clog Di so that we are never in 
the first case of either. The result follows. □ 
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